Gerards and Seymour conjectured that every graph with no odd K t minor is (t − 1)-colorable. This is a strengthening of the famous Hadwiger's Conjecture. Geelen et al. proved that every graph with no
Notation
We use largely standard graph-theoretical notation. We denote by v(G), e(G), χ(G), and κ(G) the number of vertices, number of edges, chromatic number, and (vertex) connectivity of a graph G, respectively. We use d(G) = e(G)/v(G) to denote the density of a non-null graph G, and G[X] to denote the subgraph of a graph G induced by a set X ⊆ V (G). For a positive integer n, let [n] denote {1, 2, . . . , n}. The logarithms in the paper are natural unless specified otherwise.
Let H and G be graphs. An H-expansion in G is a function η with domain V (H) ∪ E(H) such that It is well-known and easy to see that G has an H minor if and only if there is an H-expansion in G. We say that G has a bipartite H minor if there exists a bipartite H-expansion in G.
2 Proof of Theorem 1.5
In this section we prove Theorem 1.5, pending the proof of a key technical result, Theorem 2.6, which is proved in Section 3.
We use the same strategy as in [NS19] , where we established a new upper bound on the chromatic number of graphs with no K t minor, and we refer the reader to [NS19, Section 2] for the outline of the argument. Several parts of the proof, however, become much more involved. In particular, in [NS19] we could easily reduce the proof to the case when the graph has high connectivity. Here we shall introduce a non-standard technical notion of connectivity which we now present.
Recall that the pair (A, B) is a separation of a graph G if A ∪ B = V (G) and every edge of G has both ends in A or both in
The order of a separation (A, B) is |A ∩ B|. We say that a graph G is weakly k-connected if for every proper separation (A, B) of G of order at most k, we have min{|A − B|, |B − A|} < |A ∩ B|.
Our first lemma ensures that every graph G with large chromatic number contains a subgraph H with high weak connectivity such that the chromatic number of H is still fairly large. All colorings in the proof of Lemma 2.1 are proper vertex-colorings.
Lemma 2.1. Let k, l be positive integers with k ≥ 3l. Then every graph G with χ(G) > k contains a weakly l-connected subgraph H such that
which cannot be extended to a k-coloring of H. It is easy to see that such a subgraph H exists, and satisfies χ(H) > k − 2l.
It remains to show that H is weakly l-connected. Suppose H is not weakly l-connected. Then there exists a proper separation (A, B) of H of order at most l such that min{|A − B|, |B − A|} ≥ |A ∩ B|.
We may assume that |Z∩(B−A)| ≤ l. Suppose first that B−A = Z∩(B−A). By the choice of H, there exists a k-coloring φ A :
Then Corollary 2.3. Let k, t be positive integers with k ≥ 16t. Assume that every graph H with χ(H) > k has either a bipartite K 12t minor or an odd K t minor. Then every graph G with χ(G) > k + 16t has an odd K t minor.
Proof. Let G be a graph with χ(G) > k + 16t. Suppose for a contradiction that G has no odd K t minor. By Lemma 2.1, G contains a weakly 8tconnected subgraph H with χ(H) > k. Note that H has no odd K t minor. By our assumption, H has a bipartite K 12t minor. Furthermore, by Theorem 2.2, there exists a proper separation (A, B) of H of order at most 8t − 2 such that H[B − A] is bipartite, and |B − A| ≥ 8t + 2 > |A ∩ B|. Since H is weakly 8t-connected, we see that |A − B| < |A ∩ B|. But then
The second ingredient of the proof of Theorem 1.5 allows us to deal with the case when v(G) is small. It is based on the following bound due to Kawarabayashi and the second author [KS07] on the independence number of graphs with no odd K t minor.
Theorem 2.4 ([KS07]). Let G be a graph with no an odd K t minor. Then
Theorem 2.4 implies the following bound on the chromatic number of graphs with no odd K t minor.
Corollary 2.5. Let G be a graph with no odd K t minor. Then
(1)
Proof. By Theorem 2.4, for every integer s ≥ 1, there exist pairwise disjoint, independent subsets X 1 , X 2 , . . . , X s ⊆ V (G) such that
as desired.
The third ingredient is Theorem 2.6 on the existence of bipartite K t minors in weakly l-connected graphs. The proof of Theorem 2.6 is more involved and will be given in Section 3.
Theorem 2.6. There exists a constant C = C 2.6 satisfying the following. Let t, l, r ≥ 2 be integers such that r ≥ √ log t/2 and l = Ct(log t) 1/4 . Let G be a weakly l-connected graph. If there exist pairwise disjoint sets
Our fourth tool is a bound from [GGR + 09] on the density sufficient to force a bipartite K t minor. Note that Kostochka [Kos82] proved that every graph G with d(G) ≥ 3.2s
√ log s has a K s minor.
Finally, we use the result of Postle [Pos19] , which is an improvement of a similar theorem from [NS19] . In the remainder of this section we deduce Theorem 1.5. It follows immediately from Corollary 2.3 and the following Theorem 2.9. The proof of Theorem 2.9 utilizes all the tools presented above.
Theorem 2.9. For every δ > 0 there exists t 0 = t 0 (δ) such that for all positive integers t ≥ t 0 , every graph G with neither a bipartite K t minor nor an odd K t minor satisfies
Proof. We may assume that δ < 1/4. Let C 1 = C 2.8 (δ) and C 2 = C 2.6 . We choose t 0 ≫ max{C 1 , C 2 , 1/δ} implicitly to satisfy the inequalities appearing throughout the proof.
Let t ≥ t 0 be an integer and let k = t(log t) 1 4 +δ /6. Suppose for a contradiction that there exists a graph G with neither a bipartite K t minor nor an odd K t minor such that χ(G) ≥ 6k. By Lemma 2.1, G contains a weakly 2k-connected subgraph H with χ(H) ≥ 2k. Our goal is to apply Theorem 2.6 and Theorem 2.8 to H to obtain a contradiction.
Choose a maximal collection
, r * = min{r ′ , r}, and X = ∪ i∈[r * ] X i . Then |X| ≤ t(log t) 5/4 . By Corollary 2.5, for sufficiently large t,
By Theorem 2.6 applied to H and {X 1 , X 2 , . . . , X r }, we see that H has a bipartite K t minor, contrary to the choice of G. Thus r ′ < r. Then
Let H ′ be a minimal subgraph of H \ X with χ(H ′ ) ≥ k + 1. Then the minimum degree of H ′ is at least k, and so d(
√ log t. We next apply Theorem 2.8 to D and H ′ . Note that H ′ has no bipartite K t minor by the choice of G. Thus by Theorem 2.7, H ′ has no minor J with d(J) ≥ D. By Theorem 2.8, there must exist
It is easy to check that, for sufficiently large t, the above conditions yield that d(H[Z]) ≥ C 2 ·t(log t) 1/4 and |Z| ≤ t(log t) 3/4 . But then the collection {X 1 , X 2 , . . . , X r ′ , Z} contradicts the maximality of {X 1 , X 2 , . . . , X r ′ }.
Proof of Theorem 2.6
The proof of Theorem 2.6 is an adaptation of the proof of [NS19, Lemma 3.3], which in turn is based on the ideas of Thomason [Tho01] . In addition to some of the lemmas from the previous section we use an array of extra tools from the literature, which we now present.
We first use a classical result of Mader, which ensures a highly-connected subgraph in a dense graph, to deduce a highly-connected bipartite subgraph in a graph with either high density or large chromatic number. Proof. By a well-known result of Erdős [Erd65] , G contains a bipartite sub-
Next, let k = χ(G), and let G ′′ be a minimal subgraph of G such that χ(G ′′ ) = k. Then the minimum degree of G ′′ is at least k − 1 and so d(G ′′ ) ≥ (k − 1)/2. As shown in the previous paragraph G ′′ contains a bipartite subgraph H such that κ(H) ≥ (k − 1)/8, as desired.
A large part of the proof of Theorem 2.6 involves linking together small bipartite clique-expansions, which we find in each G[X i ] given in the theorem. We now present the terminology and tools needed to accomplish this.
Let l be a positive integer and let S = ({s i , t i }) i∈[l] be a sequence of pairwise disjoint pairs of vertices of a graph G, except possibly s i = t i for some i ∈ [l]. An S-linkage P in G is a sequence (P i ) i∈[l] of vertex-disjoint paths in G such that P i has ends s i and t i for every i ∈ [l]. For an S-linkage P, let I be the set of all i ∈ [l] such that P i has an odd number of edges. Then we say that P is an (S, I)-parity linkage. Let S ⊆ V (G) with |S| = 2l. We say that S with |S| = 2l is linked in G if for every ordered partition S = ({s i , t i }) i∈[l] of S into pairs there exists an S-linkage in G; and S is parity-linked if, in addition, for every I ⊆ [l] there exists an (S, I)-parity linkage in G. Finally, a graph G with |V (G)| ≥ 2l is l-linked if every set S ⊆ V (G) with |S| = 2l is linked in G.
Our second tool is the following theorem of Thomas and Wollan [TW05] , which improves an earlier result of Bollobás and Thomason [BT96] . Kawarabayashi and Reed [KR09] extended Theorem 3.3 to parity linkages. They proved that for every graph G with κ(G) ≥ 50l, either there exists X ⊆ V (G) such that |X| < 4l − 3 and G \ X is bipartite, or every set S ⊆ V (G) with |S| = 2l is parity-linked in G. We need a variant of their result for weakly connected graphs. Fortunately, we are able to reuse most of the ingredients of the proof from [KR09] . One of these ingredients is the "Erdős-Posá property" for odd S-paths. 
Let G be a graph, and let H be a bipartite subgraph of G. We say that a path P in G is a parity-breaking path for H, if the ends of P are in V (H), P is otherwise vertex-disjoint from H, and H ∪ P contains an odd cycle. Note that such a parity-breaking path may have only one edge. For a graph G and X, Y ⊆ V (G), we say that X is joined to Y in G if there exist |X| vertex-disjoint paths in G each of which has one end in X and the other in Y . We need the following lemma which is a consequence of the result of Kawarabayshi and Reed [KR09, Theorem 1.2].
Lemma 3.5 ([KR09]
). Let H be a 2k-linked bipartite subgraph of a graph G. Suppose that G contains 2k vertex-disjoint parity-breaking paths for H.
We say that a set X of vertices of a graph G is parity-knitted if for every pair of partitions (A, B) and (X 1 , X 2 , . . . , X r ) of X, there exist pairwise vertex-disjoint trees T 1 , T 2 , . . . , T r in G such that X i ⊆ V (T i ) and (A∩X i , B ∩ X i ) extends to the bipartition of T i for every i ∈ [r]. A linkage in a graph G is a collection of pairwise vertex-disjoint paths.
Corollary 3.6. Let H be a 2k-linked bipartite subgraph of a graph G. Suppose that G contains 2k vertex-disjoint parity-breaking paths for H. Then
Proof . Let (A, B) and (X 1 , X 2 , . . . , X r ) be two partitions of X. As X is joined to V (H) in G, there exists a linkage P in G such that |P| = k, and every path in P has one end in X, the other in V (H), and is otherwise vertex-disjoint from H. Let Y = {V (P ) ∩ V (H)|P ∈ P}. Then |Y | = k. Note that the minimum degree of H is at least 4k − 1 because H is 2k-linked. It follows that we can greedily find pairwise vertex-disjoint trees
). Then |X ′ | = 2|X| = 2k and X ′ is joined to V (H) in G. By Lemma 3.5, X ′ is parity-linked in G. Thus we can find pairwise vertex-disjoint linkages P 1 , P 2 , . . . , P r in G such that for each i ∈ [r], |P i | = |X i |; every path in P i has one end in X i and the other in V (T ′ i ), and is otherwise disjoint from X ′ ; and in addition, by choosing the desired parity of each path in P i , the partition (A ∩ X i , B ∩ X i ) extends to the bipartition of the tree T i = T ′ i ∪ (∪ P ∈P i P ), as desired.
Finally, we need a lemma from [NS19] .
Lemma 3.7 ([NS19]
). There exists a constant C = C 3.7 > 0 satisfying the following. Let G be a graph, let m, s ≥ 2 be positive integers. Let s 1 , . . . , s m , t 1 , . . . , t m , r 1 , . . . , r s ∈ V (G) be distinct, except possibly s i = t i for some i ∈ [m]. If κ(G) ≥ C · max{m, s √ log s}, then there exists a K s -expansion η in G rooted at {r 1 , . . . , r s } and an ({s i , t i }) i∈[m] -linkage P in G such that ∪η and P are vertex-disjoint.
We are now ready to prove Theorem 2.6 by building a bipartite K t minor from the pieces constructed in each G[X i ].
Proof of Theorem 2.6. We show that the theorem holds for C 2.6 = max{2000, 48C 3.7 }.
Let k = t(log t) 1/4 . Then l ≥ max{2000, 48C 3.7 } · k. By Lemma 2.1, G\∪ i∈[r] X i contains a weakly (l/3)-connected subgraph G 0 with χ(G 0 ) ≥ l/3. By Corollary 3.2 and the choice of C, G 0 contains a bipartite subgraph H 0 with κ(H 0 ) ≥ (l − 3)/24 > 80k. We next show that ( * ) G 0 contains at least 8k vertex-disjoint parity-breaking paths for H 0 .
Suppose ( * ) is not true. Let (A 0 , B 0 ) be a bipartition of H 0 . Then |A 0 | ≥ κ(H 0 ) > 80k. Note that every path in G 0 with an odd number of edges and both its ends in A 0 contains a parity-breaking path for H 0 . Thus G 0 does not contain 8k vertex-disjoint paths each of which has an odd number of edges and both its ends in A 0 . By Theorem 3.4 applied to G 0 and A 0 , there exists X ⊆ V (G 0 ) with |X| ≤ 16k −2 such that G 0 \X contains no such path. As κ(H 0 ) > 80k and χ(G 0 \X) ≥ χ(G 0 )−|X| ≥ l/4, it follows that the block of G 0 \ X containing H 0 \ X is bipartite, and G 0 \ X contains a block J with χ(J) ≥ l/4. Now consider a proper separation (
But then χ(J) < 32k < l/4, a contradiction. This proves ( * ).
Let y = ⌊(log t) 1/4 ⌋ and x = ⌈t/y⌉. Assume first that y ≤ 1. Then G[X 1 ] contains a bipartite K t minor by Theorem 2.7, as desired. Assume next that y ≥ 2. Then r ≥ y 2 , xy ≥ t, and xy(y − 1) ≤ 4k. It suffices to show that G contains a bipartite K xy -expansion.
By 
It is easy to see that (S z i ) i∈ It is not hard to see that {η(i, z)} i∈[y],z∈[x] is a collection of pairwise vertexdisjoint trees in G * . Moreover, for each pair of distinct elements (i, z) and (i ′ , z ′ ) in the domain of η, G * contains an edge with one end in V (η(i, z)) and the other in V (η(i ′ , z ′ )). Indeed, if i = i ′ , then z = z ′ and for each j ∈ [y] − {i}, the edge in η {i,j} with one end in V (η {i,j} (i, z)) and the other in V (η {i,j} (i, z ′ )) is such an edge; and, if i = i ′ , then the edge in η {i,i ′ } with one end in V (η {i,i ′ } (i, z)) and the other in V (η {i,i ′ } (i ′ , z ′ )) is the desired one.
This completes the proof of Theorem 2.6.
